In this paper, we first introduce two new classes of (ω, δ)-contractions of the first and second kinds and establish some related new fixed point and best proximity point theorems in preordered metric spaces. Our theorems subsume the corresponding recent results of Samet (J.
Introduction and preliminaries
Given a metric space (X, d) and a self-mapping T on X, the theory on the existence of a solution to the equation of the form Tx = x has gained impetus because of its applicability to solve many interesting problems that can be formulated as ordinary differential equations, matrix equations etc. For some recent fixed point results, see [-] and references therein. Let A and B be nonempty subsets of X, and let T : A → B be a non-self mapping. The equation Tx = x is unlikely to have a solution, because of the fact that a solution of the preceding equation demands the nonemptiness of A ∩ B. Eventually, it is quite natural to seek an approximate solution x that is optimal in the sense that the distance d(x, Tx) is minimum. The well-known best approximation theorem, due to Fan [] , states that if A is a nonempty, compact, and convex subset of a normed linear space X and T is a continuous function from A to X, then there exists a point x in A such that Existence of best proximity and fixed points in partially ordered metric spaces has been considered recently by many authors (see [, , , ]). Recently Samet [] studied the existence of best proximity points for a class of non-self almost (ϕ, θ )-contractive mappings. In this work we define two new classes of contractions called (ω, δ)-contractions of the first and second kind and establish some related new fixed point results in the setting of preordered metric spaces, and then we derive some new best proximity point theorems for these new classes of non-self contractive mappings. The presented theorems extend and generalize many of the well-known fixed point and best proximity point results.
Fixed point theory
Definition . Let (X, d) be a metric space, and let R + = [, ∞).
(a) Denote by the family of functions ω : R + → R + such that ω() = , ω(t) < t for each t >  and for each sequence {x n } in X with, 
(e) Denote by the family of non-decreasing functions ψ :
(f ) Denote by the family of non-decreasing and upper semicontinuous from the right functions λ : R + → R + such that λ(t) < t for each t > ; (g) Let be a collection of the following functions:
Lemma . Let (X, d) be a metric space. Then the following statements hold:
Proof Let {x n } be a sequence in X. To prove (i), assume that d(x n , x n+ ) ≤ φ(d(x n- , x n )) for each n ∈ N, where φ ∈ . Since φ is non-decreasing, then by induction we get
Then, for each sufficiently large m < n, we have
and so {x n } is a Cauchy sequence.
(ii) Let us suppose that d(x n , x n+ ) ≤ σ (d(x n- , x n )) for each n ∈ N, where σ (t) = α(t)t for each t >  and α satisfying (). Then
for each n ∈ N. Since α(t) <  for each t ∈ R + , then {d(x n , x n+ )} is a non-increasing sequence of non-negative numbers and so is convergent to a real number, say r  . We will show that r  = . On the contrary, assume that r  > . Then from () we get 
(iii) Notice first that ψ(t) < t for each t > . To see this, suppose that there exists t  >  with ψ(t  ) > t  , then since ψ is non-decreasing, we see that t  ≤ ψ n (t  ) for all n ∈ N and it is a contradiction with lim n→∞ ψ n (t) =  for each t > . Note also that ψ() = .
Since ψ is non-decreasing, then by induction we get
Let >  be fixed. Choose n ∈ N such that
Now we have
Also we have
So, by induction, for each k ∈ N, we have
This implies that (x n ) is Cauchy and the proof of (iii) is complete.
Then the conclusion follows from (iii).
(v) obviously holds.
Let X be a nonempty set. A preorder on X is a binary relation which is reflexive and transitive. Let (X, ) be a preordered set, and let T : X → X be a mapping. We say that T is non-decreasing if for each x, y ∈ X, x y ⇒ Tx Ty. Definition . Let (X, ) be a preordered set and d be a metric on X. We say that (X, , d) is regular if and only if the following condition holds:
{x n } is non-decreasing and x n → x for some x ∈ X ⇒ x n x for each n ∈ N. Definition . Let (X, , d) be a preordered metric space, and let ω : R + → R + and δ : R  + → R + be arbitrary mappings.
(a) A mapping T : X → X is said to be (ω, δ, )-contraction of the first kind if for all x, y ∈ X with x y, Theorem . Let (X, , d) be a complete preordered metric space, and let T : X → X be a mapping. Suppose that the following conditions hold:
T is an (ω, δ, )-contraction mapping of the first kind, where ω ∈ and δ ∈ . Then T has a fixed point. Moreover, the sequence {T n x  } converges to the fixed point of T.
Proof Let x n = Tx n- for any n ∈ N. Since x  Tx  and T is non-decreasing, then we have
Now since T is an (ω, δ, )-contraction mapping of the first kind, we get
Now, from () and (), we have
for all n ∈ N. Since ω ∈ , so {x n } is a Cauchy sequence, hence there exists x * ∈ X such that {x n } converges to x * . Now we show that x * is a fixed point of T. If T is continuous, then from the equality x n = Tx n- , we get x * = Tx * . Now assume that (X, , d) is regular.
Then, for each n ∈ N, we have x n x * . On the contrary, assume that
and so from () we get x * = Tx * . Proof (i) Let = X × X. Then from Theorem . we deduce that T has a fixed point. To prove the uniqueness, on the contrary, assume that x, y ∈ X are distinct fixed points of T. So,
Corollary . Let (X, d) be a complete metric space, and let T
a contradiction. By the uniqueness of a fixed point and from Theorem ., we get that the sequence {T n x  } converges to the fixed point of T for all x  ∈ X.
(ii) Let Fix(T) = {x * } and {y n } be a sequence in X such that y n → x * . Since T is an (ω, δ)-contraction mapping of the first kind, so for all n ∈ N we have
Since Tx * = x * and δ ∈ , we have
Thus, for any n ∈ N,
Thus Ty n → Tx * , and so T is continuous at x * . Proof Let x n = Tx n- for any n ∈ N. If x n- = x n for some n ∈ N, then x n- = x n = Tx n- , and so x n- is a fixed point of T, and we are finished. So, we may assume that d(x n- , x n ) >  for all n ∈ N. Now, since x  Tx  and T is non-decreasing, so
Remark
Since T is an (ω, δ, )-contraction of the second kind, so for all n ∈ N we have
For all n ∈ N, we have
By the triangle inequality, we have
Hence, by (), () and (),
a contradiction. So, for all n ∈ N, we have
As ω ∈ , so {x n } is a Cauchy sequence and so, by the completeness of (X, d), there exists x * ∈ X such that {x n } converges to x * . Now we show that x * is a fixed point of T. If T is continuous, then from the equality x n = Tx n- , we get x * = Tx * . Now, assume that (X, , d) is regular. Then, for each n ∈ N, we have x n x * . Now, on the contrary, assume
Now let a = d(x * , Tx * ) and choose n ∈ N such that for n ≥ N , we have
So, for n ≥ N , we have
Then, from () and (), we get
a contradiction.
Corollary . Let (X, d) be a complete metric space, and let T : X → X be an (ω, δ)-contraction mapping of the second kind, where ω ∈ and δ ∈ . Then T has a unique fixed point. Moreover, for all x  ∈ X, the sequence {T n x  } converges to the fixed point of T, that is, T is the Picard operator.
Proof By Theorem . it is sufficient to prove the uniqueness of the fixed point. On the contrary assume that x, y ∈ X are distinct fixed points of T. Then Remark . When for all t ∈ [, ∞) we set ω(t) = αt where α ∈ (, ) and 
Best proximity point theory
Let A and B be two nonempty subsets of a metric space (X, d). We denote by A  and B  the following sets: 
where x  , x  ∈ A and y  , y  ∈ B.
The following lemma is crucial in proving our best proximity point results. Now, we show that B  is closed. To prove the claim, let {x n } be a sequence in B  with x n → x ∈ B (note that B is closed). Since A is a closed subset of a complete metric space,
n ) for each m, n ∈ N and {x n } is a Cauchy sequence, we deduce that
and so x ∈ B  . Hence, B  is closed.
Remark . It is clear that the mapping Q in Lemma . is a bijection and for any
Definition . Let (X, ) be a preordered set. A non-self mapping T : M ⊆ A → B is said to be proximally non-decreasing if and only if
The following lemma follows from Lemma  in [] . 
where ω ∈ , δ ∈ and δ is non-decreasing in each of its variables.
Then T has a best proximity point in A.
Proof Since A  = ∅, so B  = ∅. By Lemma ., B  is closed and there exists an isometry Q : B  → A  which satisfies (). Let S : A  → A  be defined by Sx = QTx for each x ∈ A  . Let x, y ∈ A  and x y, then from () we have
So, from () we have
Thus S is an ordered (ω, δ, )-contraction mapping of the first kind. Now conditions (ii), (iii) and (iv) with Lemma . and Lemma . imply that S satisfies conditions (i), (ii) and (iii) of Theorem .. Consequently, S has a fixed point
. Thus 
where ω ∈ , δ ∈ and δ is non-decreasing in each of its variables. Moreover, assume that TA  ⊆ B  . Then T has a best proximity point in A. 
where ω ∈ is non-decreasing, δ ∈ and δ is non-decreasing in each of its variables. Then T has a best proximity point in A. http://www.fixedpointtheoryandapplications.com/content/2013/1/263
Proof Since A  = ∅, so B  = ∅. By Lemma ., B  is closed and there exists an isometry Q : B  → A  which satisfies (). Let S : A  → A  be defined by Sx = QTx for each x ∈ A  . Let x, y ∈ A  and y x, then from () we have Tx) -d(A, B), d(y, Ty) -d(A, B) ,
Since ω is non-decreasing and δ is non-decreasing in each of its variables, in view of the proof of Theorem ., we get
Thus S is an ordered (ω, δ, )-contraction mapping of the second kind. Now conditions (ii), (iii) and (iv) with Lemma . and Lemma . imply that S satisfies conditions (i), (ii) and (iii) of Theorem ., so by Theorem . S has a fixed point x * ∈ A  such that x * = Sx * = QTx * and 
where ω ∈ is non-decreasing, δ ∈ and δ is non-decreasing in each of its variables. Moreover, assume that TA  ⊆ B  . Then T has a best proximity point in A. and so the conditions of Corollary . are satisfied. Thus T has a best proximity point (indeed, P = (, ) is a best proximity point of T). But we cannot invoke the above mentioned theorem of Samet to show that the mapping T has a best proximity point in A because T is not an almost (ϕ, θ ) contraction. On the contrary, assume that there exist ϕ ∈ and θ ∈ such that for all x, y ∈ A,
d T(, x), T(, y) ≤ ϕ d (, x), (, y) + θ d (, y), T(, x) -d(A, B), d (, x), T(, y) -d(A, B), d (, x), T(, x) -d(A, B), d (, y), T(, y) -d(A, B) .
Letting y = , we get ln( + x) ≤ ϕ(x) for each x ≥ .
Let f (x) = ln( + x) for each x ∈ [, ∞). Then it is easy to see that f on (, ∞) is an increasing positive function. So, we have f (x) ≤ ϕ(x) for each x ≥ .
